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Abstract
We show that a diagonalizable (non-Hermitian) HamiltonianH is pseudo-Hermitian
if and only if it has an antilinear symmetry, i.e., a symmetry generated by an antilinear
operator. This implies that the eigenvalues of H are real or come in complex conjugate
pairs if and only if H possesses such a symmetry. In particular, the reality of the
spectrum of H implies the presence of an antilinear symmetry. We further show that
the spectrum of H is real if and only if there is a positive-definite inner-product on
the Hilbert space with respect to which H is Hermitian or alternatively there is a
pseudo-canonical transformation of the Hilbert space that maps H into a Hermitian
operator.
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I. Introduction
The main reason for the recent interest in PT -symmetry [1] is that the eigenvalues of every
PT -symmetric Hamiltonian are real or come in complex conjugate pairs. In particular, if
the PT -symmetry is exact, the spectrum of the Hamiltonian is real. In Ref. [2], we intro-
duced the concept of a pseudo-Hermitian operator and showed that the remarkable spectral
properties of the PT -symmetric Hamiltonians follow from their pseudo-Hermiticity. Under
the assumption of the diagonalizability (equivalently the existence of a complete biorthonor-
mal set of energy eigenvectors), we obtained in Ref. [3] a complete characterization of all
the (non-Hermitian) Hamiltonian that have a real spectrum. Here we also pointed out that
the spectral properties of the PT -symmetric Hamiltonians are common to all Hamiltoni-
ans possessing an antilinear symmetry (a symmetry generated by an invertible antilinear
operator.) Therefore, at least for the class of diagonalizable Hamiltonians presence of an
antilinear symmetry implies pseudo-Hermiticity of the Hamiltonian. The primary purpose
of the present article is to show that the converse of this statement holds as well. That
is pseudo-Hermiticity of a Hamiltonian implies the existence of an antilinear symmetry. A
direct consequence of this result is that if the spectrum of the Hamiltonian is real, then the
system has an antilinear symmetry, PT -symmetry being the prime example.
The organization of the article is as follows. Section II includes a brief review of the
necessary results reported in the companion articles [2, 3]. Section III examines anti-pseudo-
Hermiticity (pseudo-Hermiticity with an antilinear automorphism.) Here we prove that every
(non-Hermitian) diagonalizable Hamiltonian is anti-pseudo-Hermitian and that the pseudo-
Hermiticity of the Hamiltonian implies the presence of an antilinear symmetry. Section IV
offers a description of the Hamiltonians with a real spectrum in terms of certain associated
Hermitian operators. Section V presents a summary of the main results and the concluding
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remarks.
Throughout this paper we shall consider (non-Hermitian) Hamiltonians H that are di-
agonalizable and have a discrete spectrum. As we explain below, this means that these
Hamiltonians admit a complete biorthonormal set of eigenvectors {(|ψn, a〉, |φn, a〉)}. The
latter satisfy the following defining relations [4]:
H|ψn, a〉 = En|ψn, a〉, H
†|φn, a〉 = E
∗
n|φn, a〉, (1)
〈φm, b|ψn, a〉 = δmnδab, (2)
∑
n
dn∑
a=1
|ψn, a〉〈φn, a| = 1, (3)
where n and a are respectively the spectral and degeneracy labels, dn is the multiplicity
(degree of degeneracy) of En, † and ∗ respectively denote the adjoint and complex-conjugate,
δmn stands for the Kronecker delta function, and 1 is the identity operator. In view of
Equations (1) – (3), we also have
H =
∑
n
dn∑
a=1
En|ψn, a〉〈φn, a|, H
† =
∑
n
dn∑
a=1
E∗n|φn, a〉〈ψn, a|. (4)
In order to see the equivalence of the existence of a complete biorthonormal set of
eigenvectors of H and its diagonalizability, we note that by definition a diagonalizable
Hamiltonian H satisfies A−1HA = H0 for an invertible linear operator A and a diago-
nal linear operator H0, i.e., there is an orthonormal basis {|n, α〉} in the Hilbert space
and complex numbers En such that H0 =
∑
n
∑
αEn|n, α〉〈n, α|. Then letting |ψn, α〉 :=
A|n, α〉 and |φn, α〉 := (A
−1)†|n, α〉, we can easily check that {|ψn, α〉, |ψn, α〉} is a com-
plete biorthonormal system for H . The converse is also true, for if such a system exists
we may set A :=
∑
n
∑
α |ψn, α〉〈n, α| for some orthonormal basis {|n, α〉} and check that
A−1 =
∑
n
∑
α |n, α〉〈φn, α| and A
−1HA = H0, i.e., H is diagonalizable.
We would like to emphasize that the diagonalizability condition may be viewed as a phys-
ical requirement without which an energy eigenbasis would not exist. To our knowledge all
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known non-Hermitian Hamiltonians that are used in physical applications are diagonalizable
and therefore admit a complete biorthonormal set of eigenvectors. This in particular includes
all the Hermitian Hamiltonians as well as the non-Hermitian Hamiltonians used in ionization
optics [5], the study of dissipative systems and resonant states [6], two-component formula-
tion of the minisuperspace quantum cosmology [7], and also the PT -symmetric Hamiltonians
whose spectral properties have been obtained using numerical methods.
II. Pseudo-Hermiticity
Let H : H → H be a linear operator acting in a Hilbert space H and η : H → H be a linear
Hermitian automorphism (invertible transformation). Then the η-pseudo-Hermitian adjoint
of H is defined by [2]
H♯ := η−1H†η. (5)
H is said to be pseudo-Hermitian with respect to η or simply η-pseudo-Hermitian if H♯ = H .
H is said to be pseudo-Hermitian if it is pseudo-Hermitian with respect to some linear
Hermitian automorphism η.
The basic properties of pseudo-Hermitian operators are discussed in Refs. [2, 3]. Here
we survey the properties that we shall make use of in this article. Let H : H → H be a
diagonalizable linear operator. Then
– H is pseudo-Hermitian if and only if its eigenvalues are real or come in complex-
conjugate pairs, [2];
– if H is pseudo-Hermitian with respect to two linear Hermitian automorphisms η1 and
η2, then η
−1
1 η2 generates a symmetry of H , i.e., [H, η
−1
1 η2] = 0, [2].
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III. Anti-Pseudo-Hermiticity
We first recall that a function τ : H → H acting in a (complex) Hilbert space H is said to
be an antilinear operator if for all a, b ∈ C and |ξ〉, |ζ〉 ∈ H,
τ(a|ξ〉+ b|ζ〉) = a∗τ |ξ〉+ b∗τ |ζ〉. (6)
An antilinear operator τ : H → H is said to be anti-Hermitian [8] if for all |ξ〉, |ζ〉 ∈ H,
〈ζ |τ |ξ〉 = 〈ξ|τ |ζ〉. (7)
Definition 1: A linear operator H : H → H acting in a Hilbert space H is said
to be anti-pseudo-Hermitian if there is an antilinear anti-Hermitian automorphism
τ : H → H satisfying
H† = τHτ−1. (8)
We begin our analysis by giving a characterization of antilinear anti-Hermitian operators
with respect to which a given linear operator is anti-pseudo-Hermitian.
Theorem 1: Let H be a Hilbert space and H : H → H be a diagonalizable linear
operator with a discrete spectrum and a complete biorthonormal set of eigenvectors
{(|ψn, a〉, |φn, a〉)}. Then τ : H → H is an antilinear anti-Hermitian operator and H
is τ -anti-pseudo-Hermitian if and only if there are symmetric invertible matrices c(n)
with entries c
(n)
ab such that for all |ζ〉 ∈ H,
τ |ζ〉 =
∑
n
dn∑
a,b=1
c
(n)
ab 〈ζ |φn, a〉 |φn, b〉. (9)
Proof: Suppose that τ : H → H is a given antilinear anti-Hermitian operator and H
is τ -anti-pseudo-Hermitian, i.e., (8) or equivalently
H†τ = τH (10)
5
holds. Letting both sides of (10) act on |ψn, a〉 and using (1) and (6), we have
H†(τ |ψn, a〉) = E
∗
n(τ |ψn, a〉).
Comparing this equation with the second equation in (1), we find
τ |ψn, a〉 =
dn∑
b=1
c
(n)
ba |φn, b〉, (11)
where c
(n)
ab are defined by
c
(n)
ab := 〈ψn,a|τ |ψn, a〉. (12)
We can also express (11) in the form
〈ψm, b|τ |ψn, a〉 = δmnc
(n)
ba (13)
Next note that because τ is an invertible operator, the matrix c(n) = (c
(n)
ab ) formed by
c
(n)
ab is nonsingular. In fact, applying 〈φn,c|τ
−1 to both sides of (11) and using (6) and
the fact that τ−1 is also antilinear, we have
(c(n)
−1
)ab = 〈φn, a|τ
−1|φn, b〉
∗. (14)
Furthermore, in view of (12) and (7), c(n) is a symmetric matrix. Now let |ζ〉 be an
arbitrary element of H and use (13), (3) and (7) to compute
∑
n
dn∑
a,b=1
c
(n)
ab 〈ζ |φn, a〉 |φn, b〉 =
∑
n,m
dn∑
a,b=1
|φm, b〉〈ζ |φn, a〉〈ψn, a|τ |ψm, b〉
=
∑
m
∑
b
|φm, b〉〈ζ |τ |ψm, b〉
=
∑
m
∑
b
|φm, b〉〈ψm, b|τ |ζ〉
= τ |ζ〉.
This establishes (9). Next, suppose that c(n) are given invertible symmetric matrices
and τ is defined by (9). Then the antilinearity of τ follows from the antilinearity of
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the inner-product in its first entry. The following simple calculation shows that τ is
anti-Hermitian. For all |ξ〉, |ζ〉 ∈ H,
〈ξ|τ |ζ〉 =
∑
n
dn∑
a,b=1
c
(n)
ab 〈ζ |φn, a〉〈ξ|φn, b〉
=
∑
n
dn∑
a,b=1
c
(n)
ab 〈ζ |φn, b〉〈ξ|φn, a〉
=
∑
n
dn∑
a,b=1
c
(n)
ab 〈ξ|φn, a〉〈ζ |φn, b〉
= 〈ζ |τ |ξ〉,
where we used (9) and the fact that c(n) are symmetric. In order to establish the
τ -anti-pseudo-Hermiticity of H we first observe that (9) implies
τ−1|ζ〉 =
∑
n
dn∑
a,b=1
(c(n))−1∗ab 〈ζ |ψn, a〉 |ψn, b〉. (15)
This can be easily checked by applying τ to the right-hand side of (15) and using (9),
(2), and (3) to show that the result is |ζ〉. Next, we note that applying both sides
of (9) to |ψn, a〉 we recover (11). Finally, we use (9), (15), (6), (1), (4), and (11) to
compute, for all |ζ〉 ∈ H,
τHτ−1|ζ〉 = τ
∑
n
dn∑
a,b=1
c(n)
−1∗
ab 〈ζ |ψn, a〉En|ψn, b〉
=
∑
n
dn∑
a,b=1
E∗nc
(n)−1
ab 〈ζ |ψn, a〉
∗τ |ψn, b〉
=
∑
n
dn∑
a,b,c=1
E∗n〈ψn, a|ζ〉c
(n)
ca c
(n)−1
ab |φn, c〉
=
∑
n
dn∑
b=1
E∗n|φn, b〉〈ψn, b|ζ〉
= H†|ζ〉.
Therefore, τHτ−1 = H†. 
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We should emphasize that unlike the case of pseudo-Hermitian Hamiltonians, the anti-
pseudo-Hermiticity does not restrict the energy spectrum. In fact, we can use Theorem 1 to
prove the following.
Corollary 1: Every diagonalazable linear operator H : H → H with a discrete
spectrum is anti-pseudo-Hermitian.
Proof: Let {(|ψn, a〉, |φn, a〉)} be a complete biorthonormal set of eigenvectors, and
τ : H → H be defined by (9) with c(n) = 1 for all n, i.e., for all |ζ〉 ∈ H,
τ |ζ〉 :=
∑
n
dn∑
a=1
〈ζ |φn, a〉 |φn, a〉. (16)
Then according to Theorem 1, τ is an antilinear anti-Hermitian operator and H is
τ -anti-pseudo-Hermitian. 
Corollary 2: Every diagonalizable pseudo-Hermitian linear operator H : H → H
with a discrete spectrum has an antilinear symmetry.
Proof: Let H be pseudo-Hermitian. Then according to Corollary 1 it is also anti-
pseudo-Hermitian, i.e., there are a linear Hermitian automorphism η : H → H and an
antilinear anti-Hermitian automorphism τ : H → H such that
ηHη−1 = H† = τHτ−1. (17)
Hence, [H, η−1τ ] = 0. Clearly η−1τ is an antilinear operator. 
Theorem 2: Let H : H → H be a diagonalizable linear operator acting in a Hilbert
space H with a discrete spectrum. Then the following are equivalent.
1. The eigenvalues of H are real or come in complex-conjugate pairs.
2. H is pseudo-Hermitian.
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3. H has an antilinear symmetry.
Proof: The equivalence of 1. and 2. was established in Ref. [2]; Corollary 2 shows
that 2. implies 3.; the fact that 3. implies 1. follows from a simple calculation given
in Ref. [3]. 
A class of PT -symmetric Hamiltonians are given by
H =
p2
2m
+ V1(x) + iV2(x), (18)
where V1 and V2 are respectively even and odd real-valued functions and the classical phase
space is assumed to be real, i.e., x and p are the standard Hermitian operators representing
the position and momentum of a particle of mass m. As we point out in [2], the Hamiltonian
(18) is P -pseudo-Hermitian. It is also easy to check that it is T -anti-pseudo-Hermitian.
The P -pseudo-Hermiticity and T -anti-pseudo-Hermiticity of this Hamiltonian implies its
P−1T = PT symmetry. In general, there are PT -symmetric Hamiltonians H that are neither
P -pseudo-Hermitian nor T -anti-pseudo-Hermitian. According to Theorem 2, if we make the
physical assumption that H is diagonalizable, so that it admits a complete biorthonormal set
of energy eigenvectors, then H must be pseudo-Hermitian with respect to a linear Hermitian
automorphism η. It turns out that the choice of η is not unique. But fixing an antilinear
anti-Hermitian operator τ with respect to which H is anti-pseudo-Hermitian (namely (9)),
we can express η in terms of PT and τ according to
η = τPT. (19)
One can easily check that PT symmetry ([PT,H ] = 0) and anti-pseudo-Hermiticity (8)
imply pseudo-Hermiticity of H with respect to (19).
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Next we consider a general diagonalizable Hamiltonian H with a discrete spectrum and
a symmetry generated by a general antilinear operator X ,
[H,X ] = 0. (20)
The antilinearity of X implies η-pseudo-Hermiticity of H with respect to some linear Her-
mitian automorphism η. The anti-pseudo-Hermiticity of H with respect to an antilinear
automorphism of the form (9) always holds. Hence Eqs. (17) are valid. Taking the adjoint
of both sides of (20) and making use of (17), we can easily show that X♯η := η
−1Xη and
X♯τ := τ
−1Xτ commute with H , i.e., they generate antilinear symmetries of the system as
well.
IV. Non-Hermitian Hamiltonians with a Real Spectrum
We first recall the following results which we reported in [2, 3].
1. The (indefinite) inner-product defined by
∀|ξ〉, |ζ〉 ∈ H, 〈〈ξ|ζ〉〉 := 〈ξ|η|ζ〉, (21)
is invariant under the evolution generated by an η-pseudo-Hermitian Hamiltonian H ,
[2]. It is also easy to check that such a Hamiltonian is Hermitian with respect to the
(indefinite) inner-product (21). See also [9].
2. A diagonalizable (non-Hermitian) Hamiltonian has a real spectrum if and only if it is
pseudo-Hermitian with respect to a linear Hermitian automorphism of the form
η = OO†, (22)
where O : H → H is a linear automorphism, [3].
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These statements suggest the following characterization of the (non-Hermitian) Hamiltonians
with a real spectrum. See also [10].
Theorem 3: A diagonalizable Hamiltonian H acting in a Hilbert space H has a real
spectrum if and only if there is a positive-definite inner product on H with respect to
which H is Hermitian.
Proof: Suppose H has a real spectrum so that it is OO†-pseudo-Hermitian for a linear
automorphism O : H → H. Then the inner-product (21) with η = OO† is clearly a
positive-definite inner-product with respect to which H is Hermitian. Conversely,
suppose that there is a positive-definite inner-product ( , ) with respect to which H is
Hermitian. Then treating the spectral problem for H in the Hilbert space H with the
inner-product ( , ), we find that H has a real spectrum.
Corollary: Suppose that H has an antilinear symmetry X . If X is an exact symmetry
of H , then there is a positive-definite inner product on H with respect to which H is
Hermitian. 
Proof. Exactness of an antilinear symmetry implies reality of the spectrum of H , [3].
The conclusion then follows from Theorem 3. 
Next we give an alternative and in a sense equivalent characterization of the (non-
Hermitian) Hamiltonians with a real spectrum.
Definition 2: Consider a quantum system with the Hilbert space H and the Hamil-
tonian H : H → H. Then a linear automorphism A : H → H is said to be a
pseudo-canonical transformation for the system if for all |ζ〉 ∈ H the transformation
|ζ〉 → |ζ˜〉 := A|ζ〉 (23)
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leaves the Schro¨dinger equation,
i
d
dt
|ψ(t)〉 = H|ψ(t)〉, (24)
form-invariant. A unitary pseudo-canonical transformation is called a (quantum)
canonical transformation [11].
Clearly the defining condition for a pseudo-canonical transformation implies the following
transformation rule for the Hamiltonian.
H → H˜ := AHA−1 + iA˙A−1, (25)
where a dot denotes a time-derivative. For a time-independent pseudo-canonical transfor-
mation A, the second term on the right-hand side of (25) drops and H transforms as
H → H˜ := AHA−1. (26)
Theorem 4: A diagonalizable Hamiltonian H has a real spectrum if and only if there
is a pseudo-canonical transformation that maps H into a Hermitian operator.
Proof: Suppose that H has a real spectrum. Then it is OO†-pseudo-Hermitian for a
linear automorphism O : H → H, i.e., H† = OO†H(OO†)−1. Let A := O†, then in
view of (26) and the preceding equation, we have
H˜† = (AHA−1)† = (A−1)†H†A† = (A−1)†A†AHA−1(A†)−1A† = AHA−1 = H˜.
Hence the transformed Hamiltonian is Hermitian. Conversely suppose that there is a
pseudo-canonical transformation A : H → H under which H transforms to a Hermitian
Hamiltonian H˜ and let O := A†. Then using (26) and H˜† = H˜, we have
OO†H(OO†)−1 = A†AA−1H˜A(A†A)−1 = A†H˜†(A†)−1 = (A−1H˜A)† = H†.
Therefore, H is OO†-pseudo-Hermitian, and its spectrum is real. 
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Corollary: Suppose that H has an antilinear symmetry X . If X is an exact symmetry
of H , then there is a pseudo-canonical transformation that maps H into a Hermitian
operator.
Proof. Exactness of an antilinear symmetry implies reality of the spectrum of H , [3].
The conclusion then follows from Theorem 4. 
V. Discussion and Conclusion
In this article we established the equivalence of the notion of pseudo-Hermiticity and presence
of an antilinear symmetry for the class of diagonalizable (non-Hermitian) Hamiltonians.
This required the study of pseudo-Hermiticity with respect to antilinear anti-Hermitian
automorphisms. It turned that the latter does not restrict the choice of the Hamiltonian
and such antilinear automorphisms always exist. In fact, we obtained the general form of
these automorphisms. For a fixed complete biorthonormal eigenbasis, they are determined
in terms of a sequence of complex symmetric matrices c(n). The choice of unity for all these
matrices leads to a canonical antilinear anti-Hermitian automorphism, namely (16). Under
an invertible transformation u of the basis,
|ψn, a〉 →
dn∑
b=1
uba|ψn, b〉, |φn, a〉 →
dn∑
b=1
(u−1†)ba|φn, b〉,
that preserves its completeness and biorthonormality, the matrices c(n) transform according
to
c(n) → u∗tc(n)u∗ = u†c(n)u†t,
where t denotes the transpose. We can transform to a basis where a general τ has the
canonical form (16) if we can find invertible matrices v = u−1† satisfying c(n) = vvt. As
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shown in [12] this is always possible. Therefore, up to the choice of the biorthonormal
eigenbasis, τ is actually unique.
A simple consequence of our findings is that the reality of the spectrum of a Hamiltonian
implies the presence of an antilinear symmetry. In view of the proof of Corollary 2 and Eq. (9)
of this article and Eq. (23) of [2], we have in fact an explicit expression for the generator
of such a symmetry in terms of the biorthonormal eigenvectors of the Hamiltonian. We
also gave two characterizations of Hamiltonians with real spectrum. These characterizations
show how a Hamiltonian with a real spectrum may be related to an associated Hermitian
Hamiltonian. Another simple implication of our analysis is that every Hermitian Hamiltonian
has an antilinear symmetry.
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